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The velocity and pressure fields and the effect of wall flux on these fields in a spiral
channel are presented. As fluid flows inward through a spiral channel with constant gap
and permeable walls, the streamwise flux decreases while the curvature increases. Thus,
by balancing the stabilizing effect of wall suction with the destabilizing effect of increas-
ing curvature, established vortices can be maintained along the spiral channel. This
approach is used to prescribe spiral geometries with different wall fluxes. Using a weakly
nonlinear stability analysis, the influence of wall flux on the characteristics of Dean
vortices is obtained. The critical Dean number is reduced when suction is through the
inner wall only, is slightly reduced when suction is equal through both walls, and is
increased when suction is through the outer wall only. The magnitude of change is
proportional to a ratio of small numbers that measures the importance of the effect of
curvature. In membrane filtration applications the wall flux is typically 2 to 5 orders of
magnitude less than the streamwise flow. If the radius of curvature of the channel is of
the order of 100 times the channel gap, the effect on the critical Dean number is within
2% of the no-wall flux case. If the radius of curvature is sufficiently large, however, it is
possible to observe effects on the critical Dean number that approach O(1) in magni-
tude for certain parameter ranges.

Introduction

In most commercial applications of membrane filtration,
the feed solution or suspension is passed tangentially across
the membrane surface (often called crossflow) in order to im-
pose sufficient wall shear rate to reentrain retained molecules
or particles from the interface back into the bulk solution or
suspension. To reduce concentration polarization (buildup of
solute at the solution—-membrane interface) and fouling, re-
searchers have considered many methods for lowering the
concentration gradient between the membrane surface and
the bulk fluid and for reentraining solids deposited onto the
membrane surface. These include chemical modification of
the membrane surface, physical methods such as scouring with
sponge balls, and hydrodynamic methods such as the use of
eddies during turbulent flow. All these methods, except the
modification of membrane surfaces, are based on increasing
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the mass transfer of suspended and dissolved solids from the
membrane solution interface back to the bulk liquid. One of
the most successful depolarizing methods has been the use of
Taylor vortices established in a rotating annular filter. The
main limitations of this type of design are the difficulty in
scaling-up membrane area and the high consumption of en-
ergy (Belfort, 1988). Consequently, we have presented an-
other method of establishing vortices resulting from the onset
of unstable flow in a spiral wound membrane channel (Brew-
ster et al., 1993). Such Dean vortex flow has similar advan-
tages to Taylor vortex flow but is also amenable to scale-up.
In addition, it is not expected to consume unreasonable
amounts of energy.

The results presented here are part of a larger effort to
predict and measure the behavior of Dean vortices in pre-
scribed curved ducts using sophisticated analytical technigues
together with magnetic resonance imaging methods. More
specifically, we need the velocity and pressure fields (1) to
accurately define the spiral geometry that will maintain Dean
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Figure 1. (a) Flow through a spiral porous channel; (b)
cross section of spiral channel and definition
of coordinates.

vortices throughout the streamwise path, and (2) to solve the
convective-diffusion equation to obtain the solute concentra-
tion profiles within the duct (Chung et al., 1994). Qur even-
tual purpose is to use this know-how for developing a new
membrane module (Figure 1) in which Dean vortex flow will
depolarize the buildup of dissolved and suspended solutes at
the membrane—solution interface (Belfort et al., 1993). Mod-
ules with variable gap width have recently been designed that
have surface-area packing density equivalent to commercial
modules such as axial-flow spiral wound modules (Brewster
et al., 1994),

Membrane filtration aside, the spiral channel is also of in-
terest as a fundamental problem in fluid mechanics. A cen-
trifugal instability created by a negative radial pressure gradi-
ent is perturbed by radial flow due to wall suction. In this
study, the velocity field and the effect of wall flux on these
fields in a spiral channe! are presented.

At sufficiently small Reynolds numbers, the velocity in
curved channel flow is purely streamwise. Its profile is similar
to the parabolic profile of plane channel flow, but the loca-
tion of maximum velocity is shifted toward the outer wall. At
higher Reynolds numbers, centrifugal instabilities cause a
secondary flow containing streamwise-oriented Dean vortices
(Dean, 1928). Dean vortices occur in regularly spaced coun-
terrotating pairs. However, a transition to unsteady sec-
ondary flow has been observed for Dean numbers slightly
above De_; in particular, this transition was observed at
1.2De, for n=0.975 (Finlay et al, 1988). The Dean number
is defined as De = Rey/2d/r;, where the Reynolds number,
Re=dV/v, and the radius ratio, n=r,/r,. For De> De_,
Dean vortices are also unstable to merging and splitting (Guo
and Finlay, 1991). As fluid flows through a spiral channel
with permeable walls, the streamwise flux decreases, thereby
stabilizing curved channel Poiseuille flow (hereafter referred
as CCPF). If the channel spirals inward, the curvature in-
creases. This destabilizes CCPF. Thus, by balancing the stabi-
lizing effect of wall suction with the destabilizing effect of
increasing curvature, established vortices can be maintained
along the flow path (Figure 1).
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In the following section, we present the mathematical ap-
proach including the assumptions on which the model is
based, nondimensionalized expressions for the continuity and
momentum equations with the narrow-gap approximation,
and the associated boundary conditions. A weakly nonlinear
analysis for solving this problem is described in the next sec-
tion. The results in the nonporous case are then compared
with a wide-gap solution and a fully nonlinear solution to de-
termine the preciseness of the approach. Finaily, the main
conclusions are summarized.

Mathematical Approach

The Navier—Stokes equations with appropriate boundary
conditions are solved for viscous fluid flow in a spiral channel
with porous walls. To simplify and to make the problem more
tractable, the following assumptions are made:

e The fluid is incompressible and Newtonian under iso-
thermal conditions.

e Fully developed steady flow enters a channel with infi-
nite length and breadth, that is, entrance, exit, and end ef-
fects are neglected.

e No-slip conditions exist at the wall. This is realistic for
flow in membrane modules in common use (Belfort and Na-
gata, 1985).

¢ The gravitational force is negligible.

e The wall flux is constant and small compared to the
streamwise flux. Only the first-order wall-flux effect is con-
sidered. This assumption is reasonable for commercial pres-
sure-driven membrane processes, where cross-flow is usually
far larger than permeation flow (by factor of 107 to 10°).

e The flow is “slowly varying” in the streamwise direction.
Thus we scale the polar angle 6 to obtain ¢ = y,6, where v,
is a small parameter (Table 1). Further, the shape of the con-
stant gap spiral channel is defined by

rc=rcIK(‘P)

so that locally the channel acts as an uniformly curved chan-
nel. The velocity components v, w are taken to be parallel to
the channel walls while « is taken to be perpendicular. Be-
cause the channe! is almost uniformly curved, these velocity
components are equivalent to the components in cylindrical
coordinates in the first approximation. Thus we suppose that
the velocity field satisfies the Navier—Stokes equations in
cylindrical coordinates.

The dimensional continuity and Navier—Stokes equations
in cylindrical coordinates are summarized as follows:

Continuity Equation:
19Gu) 19v w
- +——+—=0. 1)
r dr r d8 9z

Equations of Motion:
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Table 1. Dimensionless Parameters and Variables*

e z t u,
X7 £=a T Ty
€ 0 1
Yr 612 P =7 = 1 +2¢
r:
n=— 82=1-19 r=r.+0(8})
rO
J 1-n 82 Kol 8?7 Rel6) V(e)d
Y. == ——— i —— = e— e = =
= 1in 2 =5 e(6 De(8) = 2Re(6)5(8)
5= 5= B(e) ) Vo)== [
U_V, =B(e)u(¢ (0)—ﬁ'[ri u(r)dr
ﬁ=(De8)"—L-l— w={(De;8;) ' — 5— L
19 v, 191 v, 14 P 12
*Where subscript I refers to the inlet.
2 . . .
ow, Sw vou o ou_ 1 is roughly the ratio of the flux from suction through the walls
ot or r d8 r dz p or in one turn of the spiral to the streamwise flux in the spiral
i s (in the @ direction) divided by the geometric parameter. For
, 9(la ) + 1% 240 . °u @ the general analysis of the interaction of wall suction with
ar\r or 2 502 200 9221 centrifugal instabilities, this parameter is not assumed small.
However, we do assume
av duv v dv wv dv 1 dp vo, <1
—tU—t = ——FW—=—— =
at dr r 06 r dz pr 28
and
a1 a( , 10% 2du 9% @ 5 <
vl—|—-——(m+ 5 —+—=5— :
ar\r ar r?2 3% r* o8 42V =
In the perturbation expansion of the governing equations
aw ow v ow aw 1 ap base{l on §, <1 and y§; <1, we reta'lin termg of O(v4§)), 112e-
— e U— e p— = — —— glecting terms of smaller order including O(87) and O(y%7).
9t ar 99 9z p 9z We note that for any more accurate treatment of this prob-
12/ ow 1 9%w 92w lem the: 1'\Iav1er—Stol$es eque}tlons must be fexpressed in terms
v[——|r +—— |- @ of curvilinear coordinates fitted to the spiral geometry. For
r dgr\ or r< o060 az : : : .
example, the transverse velocity u is only approximately ra

The continuity and Navier—Stokes equations are nondi-
mensionalized using the definitions in Table 1. The approach
is similar to that followed by Chandrasekhar (1961) and
Drazin and Reid (1981) except that wall flux is introduced
into the problem for the first time. There are two-dimension-
less parameters that affect the approximations we now make
to the governing equations (Egs. 1-4). The first,

a=[1—n]°'5=(ﬁ)05

ry

is a geometric parameter relating the radius of curvature of
the spiral to its gap height. This parameter is assumed small
(8 < 1); that is, we assume the gap is small compared to the
radius of curvature of the spiral. This is called the “narrow-
gap approximation.” The second,
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dial, although at our level of approximation, it is considered
to be the radial velocity.

Assuming that the width of the gap between the mem-
branes is much smaller than the radii of curvature of the two
walls or that the ratio r,/r, is close to 1, terms in the full
equations containing 87 can be neglected. With this narrow-
gap approximation, a revised set of momentum and continu-
ity equations are obtained. These, together with their bound-
ary conditions, are described below.

Continuity Equation:
a1 k12 Gioh. )
—_—t - —+ — =0+ .
F) 2De 111 dp !
Equations of Motion:
o 1D2_¢9ﬁ 1D 6K1_0ﬂ 1D2~¢9ﬁ
—_— = —_— To—+ o 5
ar T2 W TR VG T oy
1 1 6p % 9%
__K_1~2=______+-———-+——+O(52)’ (6)
4 2] 2612 ﬁ)( 552 aXZ I
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ab 1D D sk b 1D2 Pl
—+ a2l - — + —De*w—
3 > e’ €Yroy U&q’ 2 Wﬂ(

1D 5K 127 825 7% o), (M

=—=- Tl — +

Pt e VTS AN d
IW lD2 Iw ID 5 K- aw ID W
—+ —+ p—+
ar 2 Moy Y10 dg 2 o

1 9p 3*w 3w

w
— —+—=+—=+0(5}). (8
282 o L ox? (8. ®

Boundary Conditions:

x=+1 (outerwall) a=—(+1-8), o=w=0, (9

—

x¥=—1 (inperwall) fd=—(-1-8), 0=w=0, (10)

[

where 8 is the wall flux partition factor (—1 < g < +1). Note
that for B =1 the inner wall is permeable only, for B=—1
the outer wall is permeable only, and for 8 = 0 both walls are
permeable with equal flux.

Solution Method

Finlay et al. (1988) solved the weakly nonlinear problem
for flow in a nonporous curved channel that followed the
procedure given by DiPrima (1967) for the Taylor vortex
problem. Fourier series expressions for the velocities (u, v,
and w) and pressure were used. These equations were substi-
tuted into the Navier-Stokes equations with the required ini-
tial and boundary conditions.

A similar approach to Finlay et al. (1988) is followed here
except for two differences. The first difference is that here
constant wall suction rate at the curved walls is applied while
Finlay et al. (1988) used solid walls. This means that unlike
the uniform channel with nonporous walls, the solution of
our problem is in fact not constant in the streamwise direc-
tion. The second difference is that here the nondimensional
equations are truncated using the narrow-gap approxima-
tions, whereas Finlay et al. (1988) treats the wide-gap case.
Consequently, the continuity and Navier-Stokes equations
are nondimensionalized with parameters that are different
from those used by Finlay et al. (1988) and are similar to
those used by Dean (1928), these being most appropriate for
the narrow-gap case.

We now consider secondary motion that arises as we in-
crease the Dean number. The linear stability analysis of the
uniformly curved channel with nonporous walls was first car-
ried out by Dean (1928), who observed an instability to ax-
isymmetric perturbations periodic in z. This instability has
been shown theoretically to be the primary instability pro-
vided that radius ratio n <1-2.179 X 10~ (Gibson and Cook,
1974). Experimental evidence supports these results (Brew-
ster et al., 1959). Thus we consider only perturbations to the
velocities that are axisymmetric and periodic in ¢ with a
specified wavenumber a. We will show that it is possible to
make this assumption provided the Dean number is constant
along the channel.
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The dimensionless velocities i, O, w and the dimensionless
pressure p are expanded in a regular perturbation as follows

L‘l’(T,{, ¢!X)=a0+‘YI81ﬁl+ T
01,4, 0, x) =0+ v, 85" + -,

W(77{,¢’X)=W0+7151W1+ T

U, o)+ p%r, @)

5(1, 0,0, X)=
P X s

+512131(T,§,‘P’X)+7151P2(T {,(P X)+ (11)

The form of the pressure expansion is brought about be-
cause the primary pressure gradient in the ¢ direction is much
larger than the secondary pressure gradients in the y and ¢
directions. The terms of order higher than (v,8§,) in Egs. 11
are neglected because the wall flux is very small compared to
the streamwise velocity (two to five orders of magnitude
smaller).

We now use the assumption of periodicity in { to expand
the velocity components into Fourier series. Because of the
symmetry of the problem in the z direction, it is sufficient to
let velocity components i, 7 and pressure p be even func-
tions of ¢, and let W (according to the continuity equation)
be an odd function of ¢ (Finlay et al., 1988; DiPrima, 1967):

=

s
s

ascos(nal), o= il cos(nal),

n=90

Y. Blcos(nal),
n=1

-

n=

(=<3
°= Y Dlcos(nal), o'=
n=10

el o0
wl= Y wlsin(na¢), w'= Y w!sin(na(),
n=0 1

n

I
Il

p'=

n

|
1

-

pacos(nal), p*= Y, p2cos(naz). (12)

2

We begin by finding the terms in Eq. 12 that are inde-
pendent of {. We assume these are also independent of time,
Further, the primary streamwise velocity 5 is assumed to
retain the same profile, but the absolute value decreases due
to the mass balance and is separable into velocity scaling fac-

tor and velocity profile function, B(¢) and 7, respectively

59 x, ) = B()5{( x). (13)

The justification for these assumptions is that it is possible to
obtain a solution of this form and this solution corresponds
to the unperturbed steady state. B(¢p) is obtained from inte-
gration of the continuity equation. At O(y,8,) and index in
Fourier expansion, n = 0, the continuity equation becomes

iy K7V 4

— +——=0. 14
2De d¢ (14)

By integrating the leading order term of Eq. 13 from { = —1
to { =1, we obtain
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. 1
Ble)=3[" 88dx. (15)

Then

-1
1 (9”0

- X+—B'(<P) 0. (16)

5

The first term in Eq. 16 is integrated with boundary condi-
tions (Egs. 9 and 10):

aad

) -1
> / d x=De . an
Substituting Eq. 17 into Eq. 16, we obtain
B'(¢)=-2K. (18)

In addition, the leading order term for centrifugal accelera-
tion ’K~! in Eq. 6 is assumed to be independent of ¢ to
maintain the same Dean vortex strength through the curved
channel. Thus B2K~!= constant, but B(0)=1 and K(0)=1.
Finally,

B’K"'=1 o B?=K. (19)
By solving Egs. 18 and 19 simultaneously, B(¢) and K(¢p)

are obtained:

- 1
B(g) = 1724’ (20)
(¢) 1
K = , 21
(o) PR PR 2D

where K(¢) is the ratio of centered radius at a certain ¢ to
that at the inlet. Thus a mathematical expression for a spiral
configuration is obtained. Different spiral shapes are shown
in Figure 2a and b when the ratio of the permeation to the
mean streamwise velocity at the inlet, €, are 107* and 5X
1073, respectively.

The streamwise velocity 55 and pressure drop (9pq N/3p)
for CCPF (i.e., no wall flux, so that B(¢)=1) are obtained
with no-slip boundary conditions and Eq. 15 as follows,

3
§=50-x?, 22)
59 12BK

= 23
d De (23)

The continuity equation (Eq. 5) at O(y,8,) becomes

oy 1l
—_———=0. 24
dx De o
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(b)

Figure 2. Spiral configurations based on K=1/(1+2¢)?
for (a) e =10 and (b) e =5x10°5.
The radius ratio n varies from 0.990 to 0.965.

Substituting Eq. 22 into Eq. 24 and integrating with the
boundary conditions (Eqgs. 9 and 10) gives

L, 13 1
g = ( X~ 35X —B)

Dol 2 2 (25)

Oy and pressure drop (9p3Y/d¢) are obtained from ¢-

momentum Eq. 7 at O(y,8,):

1 1 > De apdt
D?05! = =De*#§ Di§ — —De(5) + ——
2 0 ¢ 2 0 4BK a(P

26)
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Figure 3. Dimensional pressure drop A p along a spiral
porous channel for De=1.1De_, € =5x10°5,
r,,;=10 cm, d,=0.05 cm, and », =0.99.

100.0

and the condition [1,5} dx = 0, which corresponds to the as-
sumption of zero net flow through the (r, z) plane. Thus,

Dep

1 9 1
|+ 22020 @

—1=D . 6+__ 2 _
b0 e( 80X T560% T 280

and

apt  162BK
Po _ . (28)
do 35

Finally, the pressure drop can be obtained from Egs. 11, 23,
and 28 as

1
Aﬁ=—Aﬁ8°+Aﬁ81=(K—1)( . (29)

Y16, Y181 De - %)

As an illustration of a pressure-drop calculation in a typi-
cal spiral membrane filtration application, let De =40, e =5
%1075 r., =10 cm, d, = 0.05 cm, and 7, = 0.99, (3/y,8,De)
—(81/70) gives 149.2, and as the dimensionless A5 converts
into dimensional Ap, it gives

Ap=239(K —1). (30)

The dimensional pressure drop Ap (KPa) is shown in Figure
3. This pressure drop does include the effect of wall flux but
does not include the effect of Dean vortices.

Now we determine the secondary flow as it is described by
the first nonconstant terms in the Fourier series of Eq. 12.
Following DiPrima (1967), the unknown variables are ex-
panded in a power series in an as yet unknown vortex ampli-
tude A:

Q¥ (x, 1) = A QL () + X A (0)Q%, (x|, GD

m=1
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where QX =(ak 0% ). The corresponding terms of w and
p are obtained from the continuity equation (Eq. 5) and {-
momentum (Eq. 8) equations, respectively. In order to obtain
the vortex amplitude (A4), the following series expansion is
obtained:

dA/dr =(a®+y; 8,01+ YA+ (a; + ) A> + O(A4°).
(32)

where we assume A2 = O(o,) = O(y,8,;) and we keep terms
to O(A4%).

After substituting from Egs. 11, 12, 31 and 32, the bound-
ary value problem expressed by Eqs. 5~8 can be decomposed
into several subproblems summarized in the Appendix. The
equation at O[ 4%(v,8,)°] is discussed by Finlay et al. (1988)
for the wide gap case. The value of the Landau coefficient a,
for the narrow-gap case can be obtained from the wide-gap
case in the limit as the radius ratio n tends to 1.

The vortex amplitude (A4) includes the wall flux effect, and
the first order in y,8, is enough for an estimate of 4 because
of the small wall flux ratio. At steady state

c®+v,8,0!
A=y W7 (33)
|/ —

The revised critical Dean number De, occurs when A =0.

From Eq. 33, A=0 when 0°=~y,8;0". Since ¢° is pro-
portional to De, — De, for small ¢?, then we find
—~— €
De,— De.=0O(y,8,)=0 5 (34)
i
In particular,
— €
Dec—Dec=—ky,6,al=—ka'1§, (35)
1
where
k-1 do® (De.)
T 9De e

The first-order growth rate (o?) is obtained from the linear
stability analysis (Egs. AS and A6 in the Appendix). The co-
efficient k is obtained by numerical differentiation using two
evaluations of o® near the critical Dean number. We find
k ~ 8.3. The perturbation to the first-order growth rate (o'!),
which reflects the wall-flux effect, is obtained from Eqgs. A7
and A8 in the Appendix using a selvability criterion (Edelen
and Kydoniefs, 1975) as described below. The results are lin-
early dependent on the wall-flux ratio 8. We find ¢! ~ 30(1
+2B). Thus the relative change in the critical Dean number
is

De. — De, 6.9(1+28)~ (36
— = —69(1+28)—.
De P 6, )

c
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Solvability Criterion. Homogeneous parts in O(A'y}6})
(Eqgs. A7 and A8) are the same as O(AY%/80). The double
precision IMSL subroutine DIVPAG and DZREAL are used
to obtain the homogeneous solution as described in detail by
Chung (1992). In order to obtain the particular solutions of
O(A%}8}) Eqs. A7 and A8 are divided into two parts as fol-
lows:

(D*-a® - g0, - = De’af,,Dv§ =5,  (37)
1
(D*-a* - "N D?-a*)if,, 5‘12585{1‘9
=(D?-a»)ad (38)
and
1
(D?* ~a* - a5}, - EDezu{{pDz‘Jg
L 2 (0mm1 4 21 0 =00
= -2—De (uleo + 6§ D5} ) — Devgo?, (39)
1
(D?-a* - "W D* - aMif], ~ 5“258’711{;;
1 1 o
- Eazv‘l’v}] - EazDez(u‘l’Du}) + u})Dﬁ?) - D—eDl_J?
o2

LD 1
> —— ( Dy D?af + u01)3a?) + E(1)3 —a?D)p?. (40)

Then

p=C » and b,

where subscript p represents the particular solutions.

The particular solution and the three initial value solutions
are found using a fourth-order Runge—Kutta method with a
Richardson extrapolation. The boundary conditions for the
particular solutions are defined as follows:

ad(r)=0
Did(r) =0
212?(',‘) = Cl
- , (41
D*(r) = C,
89(r;) =0
DD?(’,) = C3
and
i, (r)=0 all () =0
Dif;,(r)=0 Du{{p(r) =0
D%l (r)=0 2 (r,)=0
(n=|__" e i , (42)
D% (r)=0 Daf{ (r)=0
i, (r;) =0 i, (r)=0
Da{lp(ri) =0 up(') 0
AICHE Journal February 1996

and

ai(r,) = Dal(r,) = b}(r,) =0. (43)

At r, the linear combination must satisfy the set of linear
equations Ac¢’ + d = 0 where:

wl(r)) WGy w"r)
A=|Du'(r,) Du'(r,) Du"(r,) |,
vi(r,) v (r,) oT(r,)
1 itp(r,)
d=|cy and d=|Di,r,) (44)
3 B,(r,)

Because A is singular, there exists a nontrivial vector e such
that

(e; e, e)(A)=0. 45)
Multiplying equation Ac’ +d = 0 by e, we obtain
8,(r,)
edc’ +e| Di(r,) | =0. (46)
8,(r,)
Substituting Eq. 45 into Eq. 46 yields
a,(r,)
(e, e, ey)|Diy(r))|=0. “n
,(r,)

This is a necessary condition for the solvability of Egs. A7
and AS8. Therefore,

oo eluup(r )+ ezDunp(r )+ e3vllp(r )

(48)
€1u11p(’o) + ezDuup(ra) + e3unp(r0)

Also notice that the dependence of o' on the wall-flux

partition factor 8 enters via a linear dependence on i3, which
in turn depends linearly on B. Thus perturbation to the lin-
ear growth rate o' depends linearly on the wall-flux parti-
tion factor B.

We now consider the effect of wall suction on the critical
wavenumber. In a nonporous channel, the linear growth rate
o is a function of Dean number, De, and wavenumber a.
The critical Dean number, De (a) is the value of the Dean
number that gives a zero value of o for a specified
wavenumber. That is

o[De(a),al=0. (49)
The critical wavenumber, a_, is characterized as that value

of a that gives a minimum of the critical Dean number,
De (a). That is,
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dDe,
da

(a)=0. (50)

Differentiation of Eq. 49 by a gives

do dDe, do

—_— +—=0. 1
dDe da da 0 51

At the critical wave number, 4., we thus have

do
—[De(a,),a.1=0. (52)
da

When we introduce wall suction, according to the parame-
ter €, the linear growth rate is affected and, hence, the criti-
cal Dean number and the critical wavenumber will change
slightly. Let the revised critical Dean number be De(a, €).
Then

o[De(a,€),a,e]=0. (53)
Further, let the revised critical wavenumber a(e) be such that

dDe

da

[a(e), e]=0. (54)

Then differentiating Eq. 53 with respect to a (e fixed) gives

do éDe da

_——t+—=0, 55
dDe da da (53)

Evaluating Eq. 55 at a = d(e) and using Eq. 54 yields

o0 ..
—{Dela(e),el,a(e), e} =0. (56)
da

Differentiating Eq. 53 with respect to e (a fixed) gives

do dDe da 0 (57)
— et — =0,
dDe oJe de
Thus we have
aDe (9o /d€)
—Ia,e]l=—————. 58
de la, ¢ (00 /9De) (58
Differentiating Eq. 56 with respect to e gives
%o oDe 9a\ oDe\ od%da 9% 0. (59)
—_— |t —+t—— =0.
dadDe da Je de da’ de * dade
But from Eq. 54, we get
0% oDe % oa J% 0 )
— + —_—— E= .
dadDe de  fa* de  dade
354 February 1996
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Solving for (da/de), we find

% 9% oDe
.- + —
da dade JdadDe dJe 1)
de B %o )
da?
Also we may substitute from Eq. 58 to obtain
3% { do /o€ } %
0@  9adDe \ do/dDe | dade
Z_ i . (62)
d€ v
da®

for constant &.

Results and Discussion

A weakly nonlinear stability analysis for the case of a nar-
row-gap porous spiral channel is used to study the influence
on Dean instabilities from the wall flux. Commercial spiral
membrane modules belong to this narrow-gap case. Finlay et
al. (1988) solved a weakly nonlinear problem for flow in a
nonporous curved channel. This method is used here to ob-
tain the vortex amplitude. In order to estimate the errors of
the narrow-gap approximation and the weakly nonlinear sta-
bility analysis, the vortex amplitude 4 and the pressure gra-
dient parameter Ap, are compared with wide-gap and fully
nonlinear stability analysis, respectively.

The difference between the present narrow-gap, weakly
nonlinear analysis and the wide-gap fully nonlinear analysis

8
Q
— wide gap
--- Narrow gap
g
<9
]
-
E
as
£
L
»
3
g
>8
(-]
g
© AJ L 1
0.88 0.91 0.94 0.7 1.00

Radius ratio,

Figure 4. Vortex amplitude A from the wide-gap fully

nonlinear (Finlay et al., 1988) vs. narrow-gap
weakly nonlinear analysis for no wall flux at
a=1.98 and De=1.1De..
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(Finlay et al., 1988) in the case of no wall flux for the calcula-
tion of the vortex amplitude A is shown in Figure 4. The
narrow-gap approximation always overestimates the vortex
amplitude. The vortex amplitude for the narrow-gap approxi-
mation can be used within 20% error when the radius ratio n
is greater than 0.95.

A measure of the strength of the vortices is the pressure
gradient parameter A Py, defined as

_ (3p/98)—(oP/56)
Ps =" (5P/00)

(63)

where —(1/rXdp/36) is the streamwise pressure gradient,
(dp/39) is the value of (3p/39) averaged over a computa-
tional box (r;<r<r, and 0 <z < A), and —(1/rX3P/36) is
the streamwise pressure gradient for curved channel
Poiseuille flow. By solving the §-momentum equation for
curved channel Poiseuille flow we obtain,

2

P rZ-1) 3
H=—=—-4/|Re|r.— —(nn) (64)
a6 ¢
and
op’
— =h(t
4 o(D), (65)
where

is the perturbed pressure. Also, k, is expanded with the vor-
tex amplitude A,

h0=A2(t)[h00+ ¥y Az”’(t)ho,,,]. (66)
m=1

From Eqs. 63, 64, 65, and 66 we obtain to O(A?)

hop A2

0 (67)

Apg

where h,, is calculated according to Finlay et al. (1987).

The pressure gradient Ap, is compared in Figure 5 as a
function of the relative Dean number for the narrow-gap,
wide-gap, and fully nonlinear wide-gap theories with no wall
flux for a=1.98 and 7 = 0.975. Below De/De_=1.1, the er-
rors for the weakly nonlinear narrow- and wide-gap theories
are within 30% and 20% of the fully nonlinear solution, re-
spectively.

The change in the critical Dean number as a function of
wall flux and wall-flux partition factor was calculated in Eq.
36. For equal suction through both walls, the critical Dean
number is reduced. Thus for a given Dean number greater
than critical, the vortex amplitude is increased according to
Eq. 33. This effect is even larger when suction is only through
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Figure 5. Pressure gradient parameter Ap, from the
wide-gap fully nonlinear (Finlay et al., 1988)
vs. narrow-gap and wide-gap weakly nonlin-
ear analysis for no wall flux at a=1.98 and
=0.975.

the inner wall (8 =1). In contrast, when suction is only
through the outer wall (8 = —1) the critical Dean number
increases and the vortex amplitude is reduced. For typical
membrane wall fluxes and radius ratios on the order of n =
0.99 or less, the effect of wall flux on the critical Dean num-
ber is within 2% of the no-wall flux case. However, for radius
ratios closer to 1 (larger radius of curvature) the effect can be
much more significant.

At Dean numbers greater than the critical Dean number,
centrifugal instabilities cause a secondary flow containing
streamwise-oriented Dean vortices. Dean vortices occur in
regularly spaced counterrotating pairs. The contour plots for
radial, total streamwise, and spanwise velocities at B=40
(both walls equally permeable) are shown in Figures 6, 7, and
8, respectively. The maximum of streamwise velocity is dis-
placed toward the outer wall; thus, the shear rate along the
porous wall is greater at the outer than at the inner wall.
Both the shear rate and presence of vortices promote solute
mixing into bulk solution and reduce solute buildup on the
membrane surface (Chung et al., 1994).

Further, we note that the value of the critical Dean num-
ber at the critical wavenumber, De(d(e), €) may be approxi-
mated to leading order by neglecting the dependence on a.
That is

. dDe
Dela(e), el = De(a,)+ E—e=0 (68)

since by Eq. 54 (aDe/3a)| [a(e), €]=0. The evaluation of
(dDe/3e) was discussed earlier (Eq. 36). Note that in the pre-
ceding discussion, the parameter 8 is kept fixed.
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Radius, ¢

Spanwise distance, ¢

Figure 6. Contour plot of total radial velocity (T? +
A=U}) in an (r, z) plane at De=1.1De,, a=
1.98, =0, 7,=0.99, and € =5x10°5.

The perturbation @.(e)— a, depends lincarly on the wall-
flux ratio e for small € and can be expressed as

afe)—a, _da

e e

(69)

where @, and a_ are the critical wave number at the critical
Dean number and at other Dean numbers, respectively. As-
suming that

o=0"+y,80"+ (70

from Eq. 32. Now

Radius, ¢

Spanwise distance, ¢

Figure 7. Contour plot of total streamwise velocity (V¢
+A*¥})inan (r, z) plane at De=1.1De., a=
1.98, =0, 9,=0.99, and € =5x10°,
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Radius, y

Spanwise distance, ¢

Figure 8. Contour plot of spanwise perturbation (or to-
tal spanwise) velocity (Axw}) in an (r,2)
plane at De=1.1De_, 2a=1.98, 8 =0, ,=0.99,
and e =5x10"5.

3—)(1+2[*J) (7D

from Eq. 36. Substituting for ¢! from Eq. 71 into Eq. 70 and
using the definition for €, we obtain to order €

30e
0'=0'0+(—8—)(1+23). (72)
f4

We can now estimate the fractional perturbation, {[3.(e)—
a l/a}, at a,=1.975 and De_ = 35.921, where the step sizes
are Aa=0.001 and ADe=0.001, e=5X10"5, B=0, o, =
0.99, and 8, =(1—7,)** =0.1. Using difference approxima-
tions for the different terms in Eq. 62, the righthand side of
Eg. 69 can be estimated (Anderson et al., 1984) as (dd/de) =
761.9415, which gives [a@.(€)— a,.]= 0.0381 and the fractional
perturbation, [d (e)— a_ ]/a, = 0.01929.

Conclusions

In summary, the velocity and pressure fields for flow in a
(porous) spiral channel have been obtained using the narrow-
gap approximation of the continuity and momentum equa-
tion, Spiral configurations based on the maintenance crite-
rion for vortex formation were obtained. A U.S. patent based
on this approach (Belfort et al., 1993) has been obtained. A
weakly nonlinear stability analysis was used to study the in-
fluence of wall flux on the vortex amplitude and the pressure
gradient parameter. Contour plots of the various component
velocities for De=1.1De_ and predefined parameters were
obtained. Wall shear rates are higher at the outer wall as
compared to the inner wall. Some detailed conclusions are:

1. For equal suction through both walls ( 8 = 0), the vortex
amplitude A increases with the wall flux and the critical Dean
number is reduced. This effect was even larger when suction
was through the inner wall only (8 =1). In contrast, when
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suction was only through the outer wall ( 8 = —1), the vortex
amplitude was reduced, and the critical Dean number was
increased. Since in cases of practical interest for membrane
filtration the amplitude of the wall flux is very small com-
pared to the amplitude of the streamwise flow, this effect on
critical Dean number is within 2% of the case without wall
flux.

2. Simplification of the theory with the narrow-gap ap-
proximation always overestimates the vortex amplitude. The
vortex amplitude with the narrow-gap approximation can be
used with less than 20% error when the radius ratio = is
greater than 0.95.

3. The behavior of the pressure gradient parameter Ap, as
a function of the relative Dean number is compared for the
theory with the narrow-gap approximation, the wide-gap, and
fully nonlinear wide-gap theories (Finlay et al., 1988) for a =
1.98 and 7 =0.975. Below De/De, =1.1, the differences be-
tween the predictions for the weakly nonlinear narrow- and
wide-gap theories are within 30% and 20% of the fully non-
linear solution, respectively.

In summary, a linear stability analysis and a formulation
and solution of the weakly nonlinear problem with wall suc-
tion at one or both of the curved surfaces are presented. The
fact that the result reverts to the nonporous wall case for low
wall flux is also important. It means that prior solutions of
vortex stability for the wide gap case are valid here, too.
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Notation

d = half channel width, cm
P=CCPF pressure (kg/m/s>, Pa)
r=radial directional coordinate
r;= inner spiral radius
r.= centerline radius [(; + r,)/2]
r,= outer spiral radius
Re = critical Reynolds number
t=time, s
u = r-directional velocity
u,, = r-directional velocity at wall
v= f-directional velocity
V= CCPF streamwise velocity
w = z-directional velocity
z=spanwise directional coordinate

Greek letters

{= dimensionless spanwise coordinate

y=ratio of wall flux to gap width (¢/32)

0= streamwise coordinate

A=spanwise wavelength of vortices nondimensionalized by d
= viscosity, g/cm/s

v= kinematic viscosity, cm’/s

p= density, g/cm®

o= growth rate for small amplitude disturbances
7= dimensionless time (¢/d%4)

¢ = multivariable (v,0)

x= dimensionless radial coordinate

Subscript
I=inlet
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Appendix

A summary of the equations of continuity and motion for
flow in a spiral channel with porous walls and /or Dean vor-
tices following the regular perturbation method described in
the third section follows:

« 0(A%8")

M,: Zl;iK 6530 = D5 (A
M,: %(vg)2=-‘9;%‘1’. (A2)
0(A%}8})
gl o0
c: _:(;3 _ IE;O? - (A3)
M,: Dp}= %Dezﬂ},DT)g - %De(53)2+ %"E ‘95 “El . (A9
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O(AY/3)

1
My,: (D*—a’-0%0)= EDezzz?Daf,’ (AS)
1
M,: (D*-a?-o")D?*-a%al= Eazbgz“)?. (A6)
o(AylshH
1
M,: (D*-a*- 00| - —iDezﬁ}DDS
1 2{ 7071 ~1 70 =01
=o'+ EDe (ulDu0 + &) Do} ) — DediDl (A7)

1
M: (D?—a?- o')W D?*-a)il - Eazigbf

re

1 1
=o(D?* - a®)i? + Eazz')?f)}) - 5&1)&(&?0&}, + iy Daf)
0,0 2
- B;DD? + T(Da},D?—a? + iy D)

1
+5-(DP=a?D)F. (AB)

Note that Egs. Al and A2 describe CCPF (no vortices and
no wall flux); Eqs. A3 and A4 describe CCPF with wall flux
(no vortices and wall flux); Egs. A5 and A6 describe Dean
vortex flow without wall flux (Finlay et al., 1988); Eqs. A7
and A8 describe the interaction of Dean vortex flow with wall
flux. It is possible to analytically integrate Eqgs. Al to A4.
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